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Abstract
We develop an approach to identification and estimation of a game’s primitives
when players interact repeatedly in a one-shot incomplete information game and the
only restriction on behavior is an asymptotic no regret (hereafter, ANR) condition.
This property requires that the time average of the counterfactual increase in past
payoffs, had different actions been played, becomes approximately zero in the long
run. Well-known algorithms for the repeated play of a one-shot incomplete information game satisfy the ANR property. Under the ANR assumption, we (partially)
identify the structural parameters of the one-shot game. We establish our result
in two steps. First, we prove that the empirical distribution of play that satisfies
ANR converges to the set of Bayes (coarse) correlated equilibrium predictions of
the underlying one-shot game. To do so, we generalize to incomplete information
environments prior results on dynamic foundations for equilibrium play in static
games of complete information. Second, we show how to use the limiting model to
obtain consistent estimates of the parameters of interest. We apply our method to
data on pricing behavior in an online platform.
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Introduction

When data are generated by strategic interaction, an external analyst needs to specify a
solution concept to interpret players’ outcomes and leverage the observables to perform
identification of the game’s primitives. It is common practice to assume that equilibrium
play is observed. This assumption is justified whenever players are able to form correct
expectations1 on the strategic environment and to (optimally) behave accordingly. However, for many real-world strategic environments, it is not obvious that behavior satisfies
these requirements.
In this paper, we explicitly allow for the possibility that players may need time to
adapt to the strategic environment. Instead of assuming that players choose equilibrium
strategies at each point in time, we only impose a behavioral assumption describing a
minimal optimality condition for the long-run outcome of players’ interaction. More
specifically, we model players as playing repeatedly a one-shot incomplete information
game and assume that the long-run outcome of their interaction satisfies a property
of “asymptotic no regret” (hereafter, ANR). The ANR property requires that the time
average of the counterfactual increase in past payoffs, had different actions been played,
becomes arbitrarily small in the long run. Intuitively, no matter how players are adapting,
we assume that they eventually eliminate the regret for not having played differently in
the past. After having imposed that players’ behavior satisfies the ANR property, we
derive the implications for the identification of the game’s primitives.
We show that, under the ANR assumption, it is possible to partially identify the
structural parameters of the one-shot incomplete information game. We do so in two
steps. First, we show that the empirical distribution (i.e. the time average) of actions,
signals, and states that satisfies ANR converges to the set of Bayes correlated equilibria
(Bergemann and Morris (2016)), or its coarse analog—depending on the specific regret
notion we consider—of the underlying one-shot game (although, in general, converge is
not to a particular point in this set). To establish this property, we generalize to games
of incomplete information prior results on dynamic foundations for equilibrium play in
static games of complete information (Hart and Mas-Colell (2013) and references therein).
Second, we show how to use the limiting model to obtain consistent estimates of the parameters of interest. Our empirical approach is based on a behavioral assumption that
has only implications for the predictions of a limiting model, as opposed to the full data
generating process. Our approach gives rise to non-standard econometric issues, as it is
not possible to fully characterize a single limit distribution of the observables, but only
the set it belongs to. Yet, we show that we can use the limiting model to obtain a consistent estimator for the parameters of interest. Since behavior is not specified, our model
is incomplete in the sense of Tamer (2003).
The ANR property is satisfied by a large class of well-known algorithms for the repeated play of the underlying one-shot game, once they are appropriately extended to
1

Given their information sets, which are assumed to be correctly defined by the analyst.

2

games of incomplete information. This class includes simple adaptive heuristics, fictitiousplay-like dynamics, more sophisticated learning rules involving active experimentation,
calibrated learning, and several equilibrium dynamics. Since we do not fully specify what
the behavior of players is or what they do to play according to this minimal long-run
requirement, we depart from the current literature on empirical dynamic games that
typically imposes the Markov perfect (or related) solution concept (for a review, see
Ackerberg, Benkard, Berry and Pakes (2007)).
The ANR property is weaker than the static no-ex post-regret property of purestrategy Nash equilibrium that is sometimes invoked to motivate the choice of modeling
cross-sectional data as equilibrium outcomes of a static game. Indeed, this descriptive
(in the sense of Pakes (2016)) interpretation of static models is often paired with the
assumptions of complete information and pure-strategy Nash equilibrium. The rationale
for these assumptions is that the no-ex post-regret property of pure-strategy Nash equilibria reflects the stable nature of long-run outcomes.2 Although appropriate for some
environments, the static notion of no-ex post regret is a strong requirement: our work is
thus complementary to standard equilibrium models of strategic interaction and provides
an alternative whenever Nash equilibrium does not represent an appropriate restriction
on behavior. In fact, Nash equilibrium of the static game is neither a natural long-run
outcome of many simple game dynamics (for a review, see Hart and Mas-Colell (2013)),
nor easy to compute in large games.
We apply our method to data on pricing behavior by sellers in a decentralized online
platform. In this environment, a large population of sellers interacts strategically over
time. These sellers may (but do not need to) display a limited degree of sophistication.
Hence, relying on the ANR assumption for sellers’ price setting behavior is an appealing
approach to recover the distribution of sellers’ marginal costs under weak assumptions
on behavior. The large number of sellers in this environment generates a severe curse of
dimensionality, which makes it impossible to apply standard approaches in the estimation of games literature. We instead reformulate the sellers’ problem as an aggregative
game (Nocke and Schutz (2018)), whereby a seller’s profits only depend on rivals’ prices
through an aggregate statistic. With this approach, we significantly reduce the dimensionality, and can thus proceed to recover the distribution of sellers’ marginal costs. We
the use this primitive to investigate a range of market-design counterfactuals.
Related Literature. Our work is related to a large and growing literature at the
intersection of economics and computer science studying regret learning and regret minimization. The regret learning framework was originally developed for single-agent decision problems. However, a series of papers have pointed out significant implications
of regret-based learning procedures in strategic settings. Seminal game theory papers in
which players try to minimize regret include Hannan (1957), Foster and Vohra (1997,
2
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1998, 1999), and Hart and Mas-Colell (2000). In particular, our work is related to Hart
and Mas-Colell (2000, 2013) ans Hart (2005), whose convergence results we generalize to
incomplete information environments.
Recent contributions in computer science (Hartline, Syrgkanis and Tardos (2015) and
Caragiannis, Kaklamanis, Kanellopoulos, Kyropoulou, Lucier, Paes Leme and Tardos
(2015)) offer related theoretical results on the convergence of no-regret learning dynamics
in environments with incomplete information. In contrast to these authors, who focus on
price of anarchy and efficiency results, the emphasis of our work is on connecting learning
dynamics to the inference problem of an external observer. Moreover, because of motivation, modeling, and technical differences, our setting is different from that studied by the
computer science literature. Therefore, our analyses of regret-based learning procedures
in settings with incomplete information are complementary, but not equivalent. We refer
to Section 3 for further discussion.
Another strand of the computer science literature pursues the connection to empirical
work (Nekipelov, Syrgkanis and Tardos (2015) and Nisan and Noti (2017a,b)). Nekipelov
et al. (2015) are the first to suggest the regret-based approach to econometrics. In an
online auctions environment, they characterize (and perform inference on) the set of valuations consistent with a given level of regret, but do not rely on an equilibrium concept.
Nisan and Noti (2017a,b) evaluate a similar approach in experimental data and propose
adjustments to the no regret estimation procedure. We also perform inference on the distribution of payoff types when the path of play has an asymptotic no regret property. In
contrast to these papers, however, we do so by leveraging convergence results to interpret
the data through the lens of the static equilibrium notion of Bayes correlated equilibrium
or its coarse analog.
More broadly, regret learning and regret minimization is now the leading approach
in online learning (see Shalev-Shwartz (2012)) and in multi-armed bandit problems (see
Bubeck and Cesa-Bianchi (2012), Lattimore and Szepesvári (2019), and Slivkins (2019)).
These concepts are also a cornerstone in the algorithmic game theory literature (see
Nisam, Roughgarden, Tardos and Vazirani (2007), Shoam and Leyton-Brown (2008),
and Roughgarden (2016)). An excellent discussion of regret minimization from the online machine learning perspective can be found in Cesa-Bianchi and Lugosi (2006). Regret minimization has also been used in designing treatment rules (e.g., Manski (2004)
and Stoye (2009)) and in forecast aggregation (e.g., Arieli, Babichenko and Smorodinsky
(2018) and Babichenko and Garber (2018)).
We are not the first to leverage on results in the literature on learning in games to
perform empirical analysis. Lee and Pakes (2009) develop a learning-based procedure to
compute counterfactuals in dynamic games. Several recent advances in the estimation of
dynamic games investigate tractable and less restrictive empirical models (e.g., Doraszelski, Lewis and Pakes (2018)). Our paper proposes a valid descriptive approach that is
complementary to these structural methods.
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We also develop a novel approach to deal with the curse of dimensionality inherent in
the estimation of large games. In our application, we reformulate the game in an aggregative form as in Nocke and Schutz (2018). Hence, players’ payoffs only depend on their
competitors’ actions via an aggregate statistic. We thus achieve a dramatic reduction in
the dimension of the (Bayes correlated) equilibrium distribution, without redefining the
equilibrium concept as in Weintraub, Benkard and Van Roy (2008).
Magnolfi and Roncoroni (2019), Syrgkanis, Tamer and Ziani (2018), and Gualdani and
Sinha (2020) also consider estimation under the assumption of Bayes correlated equilibrium behavior for models of discrete games, auctions, and single-agent decision problems
respectively. Although this paper proposes the use of a similar estimation technique, the
motivation is very different. In fact, Magnolfi and Roncoroni (2019), Syrgkanis et al.
(2018) and Gualdani and Sinha (2020) exploit the link between equilibrium behavior and
information to establish that Bayes correlated equilibrium allows to estimate games under
weak assumptions on information. In this paper, instead, we motivate estimation under
Bayes correlated equilibrium when the data are generated by repeated interaction with
weak assumptions on behavior.
Road Map. In Section 2, we present the theoretical framework and formalize the notions of regret and asymptotic ε-regret for the repeated play of a one-shot incomplete
information game. In Section 3, we study the convergence properties of ε-regret dynamics to the set of Bayes (coarse) correlated ε-equilibria of the one-shot game. In Section
4, we specialize the theoretical model to study what features of the underlying economic
environment we can empirically recover, and how, under weak assumptions on behavior
when the one-shot game is played repeatedly over time. In Section 5, we present our
empirical application and outline our aggregative approach to sidestep the curse of dimensionality at the estimation stage. In Section 6, we further discuss our main theoretical
and econometric results and present extensions and robustness checks. In Section 7, we
conclude. In Appendix A, we discuss regret-minimizing algorithms for the repeated play
of the one-shot incomplete information game. Omitted proofs are in Appendix B.
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